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Impedance matching is one of the most important practice in wave engineering as it enables to
maximize the power transfer from the signal source to the load in the wave system. Unfortunately,
it is bounded by the Bode-Fano criterion that states, for any passive, linear and time-invariant
matching network, a stringent tradeoff between the matching-bandwidth and efficiency; imply-
ing severe constraints on various electromagnetic and acoustic wave systems. Here, we propose a
matching paradigm that overcome this issue by using a temporal switching of the parameters of a
metamaterial-based transmission-line, thus revoking the time-invariance assumption underlying the
Bode-Fano criterion. Using this scheme we show theoretically that an efficient wideband matching,
beyond Bode-Fano bound, can be achieved for short-time pulses in challenging cases of very high
contrast between the load and the generator impedances, and with significant load dispersion; sit-
uations common in e.g., small antennas matching, cloaking, with applications for ultra-wideband
communication, high resolution imaging, and more.
PACS numbers: Valid PACS appear here
Introduction.—Impedance matching, a fundamental
practice in wave engineering [1, 2], is used to maximize
the transmission efficiency between a signal generator
and a load. However, it is limited by the Bode-Fano
criterion [3–7] which implies a stringent tradeoff between
the matching efficiency and the matching bandwidth in
a passive and linear time-invariant (LTI) systems. This
has severe implications on system bandwidth, and con-
sequences on signal distortion, particularly in cases of
highly dispersive loads, and when the load-generator
impedance contrast is high, Zg/ZL  1 or  1. This
is often the case, e.g., in the contexts of matching small
antennas for communication and imaging [8], for cloak-
ing [9], radars [10], at the acoustic interface between liq-
uid and gas [11], and for ultrasonic absorbers [5]. The
issue is demonstrated in Fig. 1, where Fig. 1(a) illus-
trates a typical transmission system, and, Fig. 1(b) shows
the Bode-Fano bound calculated for a dispersive load ZL
with parallel RL = 5Ω and CL = 3.14nF , and when
the signal source excites a baseband, nearly rectangular
pulse, 100MHz in bandwidth. In this case, the maxi-
mal transmission efficiency is ∼ 15%, obtained when the
matching frequency passband is set such that it captures
∼ 65% of the excited signal power [12, Sec. 5]. Moreover,
as a consequence of the bound, typically, the matching
efficiency, and particularly the transmission group delay,
are highly dispersive (see Fig. 1(c)). Implying that a
short-time pulse, that propagates in such a system will
be severely distorted. Nonetheless, in a passive LTI net-
work, dispersion-less albeit sub-optimal matching, can be
obtained for a given load, ZL, by discarding the ‘match-
ing network’ in Fig. 1(a) and instead optimizing the
transmission efficiency, η, over the transmission-line (TL)
impedance, Zc, for a given generator impedance, Rg. The
resulting efficiency, η, is shown by the red line in Fig. 1(d)
as function of the contrast ρ = RL/Rg [12, Sec. 5], with
optimum ∼ 13% when RL/Rg ≈ 3 [13].
How can we bypass the Bode-Fano bound? the idea is
to revoke its underlying assumptions [3–6], namely, pas-
sivity, linearity and time-invariance. Indeed, in the past
years active matching networks that are implemented by
non-Foster components have been successfully explored
as a means to overcome the matching bound. These have
been suggested to increase also the bandwidth of small
antennas [14] and cloaking devices [15, 16]. However, this
approach comes with the unavoidable price of increase in
the internal noise of the network [6], as well as with in-
herent potential for instability [17, 18]. Moreover, while
non-Foster matching can compensate reactive loads, it
cannot be applied to match resistive loads.
In this letter we propose a different venue to mitigate
the Bode-Fano bound by violating the time-invariance
assumption through temporal switching of the TL pa-
rameters. By this scheme, it is possible to achieve beyond
Bode-Fano transmission efficiency as shown by the blue
line in Fig. 1(d), which is a key result of our work.
Time-varying media have been suggested for various
purposes and schemes such as for signal parametric am-
plification and delaylines [19–26], energy accumulation
[27–29], non-reciprocity in non-Hermitian time-Floquet
systems [30], inverse prism functionality [31], temporal-
photonic crystal [32] with its real-space moving analogue
[33], unusual electromagnetic modes [34], mixer-duplexer
antenna system [35], magnet-less non-reciprocity [36–41],
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FIG. 1. (a) A generator excites a short-time baseband sig-
nal propagating toward a dispersive load with RL = 5Ω, and
CL = 3.14nF (τL = RLCL = 15.7ns). The signal bandwidth
is BW= 100MHz→ Tp = 62.8ns. Thus, T¯ = τL/Tp = 0.25 <
1, indicating on highly dispersive load [12, Sec. 5]. (b) Assum-
ing a passive, LTI matching network, the Bode-Fano bound
on the source-load transmission efficiency ηBF for the model
discussed in (a) is shown as a function of the Energy Ra-
tio (ER) between the excited pulse energy within the match-
ing network passband, and the total excited energy (See [12,
Sec. 5]). Optimal matching in this case yields ηBF ≈ 0.15 at
ER ≈ 0.65. (c) The transmission and group delay of a nearly
optimal, passive, LTI matching network based on a 7’th or-
der Chebyshev design. Its bandwidth, ∼ 40MHz yields the
optimal value ER = 0.65. In its passband, the network is
highly dispersive, implying, besides spectrum chopping also
an unavoidable additional distortion of the transmitted sig-
nal. (d) A distortion-less, though sub-optimal, matching can
be achieved by discarding the matching network in (a) and
instead optimizing on Zc and Rg to maximize energy deliv-
ery. The efficiency in this case, as a function of the contrast
ρ = RL/Rg is shown by the red line, which is always be-
low the Bode-Fano limit. However, using the switched TL
scheme discussed in this paper the matching efficiency can
significantly exceed the bound as indicated by the blue line
and with minimal signal distortion, as discussed below.
and as a means to implement synthetic magnetic field
[42], as well as for wave pattern engineering [43, 44]. As
opposed to previous work, here, we explore a paradigm
to achieve impedance matching for short-time pulses us-
ing temporal switching of a TL parameters. To moti-
vate the proposed concept, consider the system shown in
Fig. 2(a) in which a pulsed source is connected to a load
through a TL. Here, Zc, Rg, and ZL = RL, are assumed
dispersion-less, and thus, real-valued. Now, assume that
initially Zc = Rg so that power delivery from the source
to the TL is optimal, and consider a pulse that is prop-
agating along the TL towards the load. Since ZL 6= Zc,
reflections are expected upon hitting the load. Hypothet-
ically, however, this would be avoided if we could, while
the pulse is on the TL, switch the TL impedance to be
Zc = ZL. In this case, at the generator and at the load
power delivery is optimal. Nevertheless, the overall per-
formance will be affected by reflections due to the tem-
poral discontinuity. Despite being somewhat naive, this
description hints on the plausibility of finding an opti-
mal choice of temporal switching schemes that yield bet-
ter matching performance than time-invariant matching
networks. We further note that, due to its time-variance
nature, the proposed concept is not subject to the Bode-
Fano bound, and thus, opens a unique route to resolve
a fundamental issue in wave-engineering with significant
potential in various wave-based applications [7, 8, 11].
Pulse dynamics in abruptly switched TL.—We consider
the network shown in Fig. 2(a). It is assumed that
the TL characteristics, impedance and phase velocity, are
dispersion-less, and can be abruptly switched, at some
time ts, between two states #1 and #2, with (Zci, vi), for
state #i = 1, 2. See Fig. 2(b) for a schematic circuit re-
alization of such a metamaterial TL, with Zci =
√
Li/Ci
and vi = 1/
√
LiCi, where Li and Ci are the per-unit-
length distributed line inductance and capacitance (ad-
ditional, and, possibly more practical, realizations are
discussed in [12, Sec. 6]). Assume that the TL is initially
at state #1. The voltage on the source, Vg(t), excites a
forward propagating pulse with temporal width T1 that
propagates along the line toward the load,
V +1 (t, z) = Zc1Vg(t− z/v1)/ (Zc1 +Rg) . (1)
Then, at some time t = ts, that is sufficiently larger than
the pulse width T1, the TL characteristics are abruptly
switched to state #2, see Fig. 2(a). During the switching
moment, the electric charge and the magnetic flux along
the line remain continuous [12, Sec. 1]. To satisfy this
continuity, the pulse V +1 splits into a forward and back-
ward propagating pulses, V +2 and V
−
2 , respectively. They
are related to the original pulse V +1 (z, t) via [12, 45, 46]
V +2 (z, t) = T V +1 ((v2/v1)τ − ζ/v1) , (2a)
V −2 (z, t) = ΓV
+
1 (−(v2/v1)τ − ζ/v1) , (2b)
with τ = t − ts, ζ = z − zs where zs = v1ts, and the
transmission and reflection coefficients are given by
T = 1
2
(
v2
v1
)[
Zc2
Zc1
+ 1
]
, Γ =
1
2
(
v2
v1
)[
Zc2
Zc1
− 1
]
. (3)
Assuming that the pulse width of V +1 is T1, then,
it follows from Eq. (2) that the pulse width of V ±2 is
T2 = (v1/v2)T1. Thus, the TL switching from state #1
to #2 results in only a temporal up/down pulse compres-
sion that can be readily restored by digital or analogue
means, as opposed to the complex signal distortion that
is obtained by a conventional matching scheme such as
in Fig. 1(c). Furthermore, denoting E1 = ‖V +1 ‖2/Zc1 and
E±2 = ‖V ±2 ‖2/Zc2, where ‖ ‖ is the L2 norm, as the en-
ergy delivered by the corresponding pulses, the energy
3balance ∆E = E+2 + E−2 − E1 reads,
∆E =
{
1
2
(
v2
v1
)[
Zc2
Zc1
+
Zc1
Zc2
]
− 1
}
E1. (4)
Using Eq. (4) we identify three switching regimes: (i)
∆E < 0 where energy is absorbed (dissipated) from the
wave-system; (ii) ∆E = 0 where no energy change oc-
curred, and (iii) ∆E > 0 where energy is pumped into the
wave-system (See [12, Sec. 2] and Fig. S1 there). While
the first two are considered ‘passive’, the last one involves
parametric amplification and is therefore considered ‘ac-
tive’. Each of these switching cases constitutes a different
wave dynamic in terms of compression, velocity, and en-
ergy conversion efficiency between source and load.
The former discussion is independent of the load type.
However, for clarity, in the following we focus on a re-
sistive, non-dispersive, load ZL = RL, whereas a general
treatment of a dispersive load is given in [12, Sec. 5].
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FIG. 2. (a) Physical layout of the switched TL system. (b) A
possible realization of the switched TL as a discrete periodic
structure of parallel varactor diodes and banks of switched
series inductors. (c) For ZL = RL. The ratio between the TL
parameters required for the optimal realization versus load-
generator contrast ρ: Zc2/Zc1 in blue line and v2/v1 in brown
line. (d) Continuous line - the optimal efficiency (with switch-
ing), and dashed line - the efficiency for the “no switching”
case.
Formulation of impedance matching as a constrained
optimization problem.—The energy delivered to the non-
dispersive resistive load ZL = RL, by the first pulse
reaching the load at t > ts, reads, [12, Sec. 3]
EL = Zc2/RL
(1 + Zc2/RL)
2
(
v2
v1
)[√
Zc2
Zc1
+
√
Zc1
Zc2
]2
E1, (5)
with E1 = 2(Zc1/Rg)/(1 + Zc1/Rg)2Ea and Ea =
‖Vg‖2/2Rg is the maximal available energy that the
source could provide to a matched load (namely, with
no switching and with Z0 = RL = Rg). We define the
matching efficiency, in the most conservative way, as the
ratio between the power that is dissipated on the load,
and the maximal available power from the source Ea plus
the total power that enters to the wave network by the
switching ∆E . Thus,
η = EL/ [Ea + ∆EH(∆E)] . (6)
Note that in Eq. (6) we used the Heaviside function
H(x) = 1 for x > 0 and H(x) = 0 for x ≤ 0, to imply
that in the ‘active’ case the matching efficiency accounts
also for the additional power by the switching. It should
also be noted that as a quality measure an ‘efficiency’ is
not a natural parameter of a system but can be defined
in various ways as to capturing (and emphasize) different
and desired characteristics, see e.g. [1]. Thus, if required,
the proposed approach can be easily augmented to these
definitions as well. Inspection of Eq. (6) with Eq. (5)
suggests that for a given Rg and RL, η is a function of
three normalized free parameters Zc1/Rg, Zc2/RL and
(v2/v1) that are constrained by a given ∆E of Eq. (4)
(see, e.g., Fig. S1 [12]). Our goal is to maximize the
matching efficiency η with respect to these free parame-
ters. Thus, the matching problem has been replaced by
a three-dimensional, generally non-convex, optimization
problem. Note that the switching between the two states
of the TL enables us to increase the number of degrees of
freedom we have for the matching, from one to three, and
therefore make it possible to reach optimal points that
could not be reached otherwise. This idea, may, in prin-
ciple, and with more efforts, be augmented for switching
between larger number of states to improve performance.
Passive switching [∆E = 0].—By using Eq. (6) sub-
ject to Eq. (4) with ∆E = 0, and setting ρ = RL/Rg,
x = Zc1/Rg, y = Zc2/RL and v¯ = v2/v1, the efficiency
optimization problem is set as, [12, Sec. 4]
max
x,y,v¯
{
2
v¯
ρ
x2
(1 + x)2
1
(1 + y)2
[
ρ
y
x
+ 1
]2}
(7a)
subject to
(
ρ
y
x
)
+
(
ρ
y
x
)−1
=
2
v¯
. (7b)
In this case the optimization proposed in Eq. (7) can
be transformed to the solution of a single transcenden-
tal equation that is solved numerically [12]. Figure 2(c)
depicts the required ratio of the TL characteristic param-
eters, before and after the switching, Zc2/Zc1 and v2/v1,
as function of the load-generator contrast ρ, to achieve
the optimal efficiency. The optimal efficiency attained by
the proposed switching scheme is shown in the continu-
ous curve in Fig. 2(d). For comparison, the dashed curve
in Fig. 2(d) depicts the best efficiency for non switch-
able TL, i.e., TL with a fixed characteristic impedance
Zc =
√
RgRL. The results in the current and following
sections have been verified by circuit simulations of the
metamaterial TL that its unit cell is shown in Fig. 2(b),
for several cases, and including non-idealities like grad-
ual switching and the effect of TL discretization [12,
4Sec. 7]. It is clearly noted that switching of the TL pa-
rameters provides a significant increase in the trasmission
efficiency in comparison with the non-switching case. Re-
markably, the increase is more dominant for the challeng-
ing high contract cases where Rg  RL and Rg  RL,
and moreover, in this case becomes nearly independent
on the contrast. Furthermore, returning to Fig. 1(d),
for highly dispersive load, with the switched-TL scheme,
again, better results are obtained when ρ  1 or  1.
Albeit somewhat logic defying, this behaviour becomes
evident once noting that in this case the dynamic range
for becomes larger (see Fig. S7 in [12]).
Active switching [∆E > 0].—In the previous section
signal amplification by the switching scheme was not al-
lowed, this is due to the constraint ∆E = 0. for this rea-
son we called this scheme ‘passive’. Here, conversely, we
allow injection of energy into the system by the switching,
i.e., ∆E > 0. With that in mind, and setting ∆E = δEa
with δ > 0, Eq. (6) becomes η = EL/[(1+δ)Ea] (where EL
also depends on δ via the characteristic impedances, see
Eq. (5)). For a given energy balance between the source
energy and the switching, i.e., δ, The optimization prob-
lem is set as, ([12, Sec. 4])
max
x,y,v¯
{
2
1 + δ
v¯
ρ
x2
(1 + x)2
1
(1 + y)2
[
ρ
y
x
+ 1
]2}
(8a)
subject to
(
ρ
y
x
)
+
(
ρ
y
x
)−1
=
[
2 +
(1 + x)2
x
δ
]
1
v¯
, (8b)
where x, y, v¯ and ρ are defined as in Eq. (7). Note
that Eq. (8) is a generalization of Eq. (7) for the case
δ > 0. The constraint structure in (8b) is more com-
plicated than that in Eq. (7b), rendering an involved di-
rect maximization of η (in Eq. (8a)). To this end, stan-
dard optimization tools are used [47]. The optimization
results are shown in Fig. 3 as function of the contrast
ρ = RL/Rg and the additional energy to the wave sys-
tem by the switching δ = ∆E/Ea. In panels (a) and (b)
we show x = Zc1/Rg and η, respectively. Similar figures
for y = Zc2/RL and v¯ are shown in Fig. S2 [12]. We note
that in the ‘passive’ matching case, namely, for ∆E = 0
(δ = 0), the optimization procedure leads to a single op-
timum point, which is, therefore, a global maximum. As
opposed to that, for δ > 0, there are several local op-
tima. Nevertheless, the global optimum behaves similar
to the ‘passive’, δ = 0, solution. However, as soon as δ
increases above the 0.5 threshold, namely, as soon as the
power that enters into the wave-system by the switching
mechanism exceeds the maximal power that can be de-
livered to a matched load without switching (recall that
for Rg = RL = Z0, EL = 0.5Ea), the optimization, and
therefore, also the matching dynamics significantly alter
for the high contrast cases, see e.g., Fig. 3(a) for ρ . 0.1.
In this case, interestingly, the global optimum exhibits
a remarkably different matching mechanism compare to
the case of 0 < δ < 0.5, as evident by the ‘jump’ in
Fig. 3(a). Here, the global optimum is obtained when
the line impedance at state #1 is extremely low, i.e.,
Zc1/Rg  1. Thus, the line merely sense the genera-
tor signal. Then, at the switching moment to state #2,
the sampled signal is amplified by the power that enters
through the switching process. Hence, in these cases,
the actual role of V +1 is to provide a sampling of the
source’s waveform that would be amplified later by the
switching to provide the energy for the matching. In this
regime, therefore, the switched matching system can be
described as a cascaded system of a sampler and an ideal
amplifier that buffers between the generator and the load,
as schematically shown in Fig. 3(c). In light of the na-
ture of this, so-called, ‘active’ regime, here, the matching
efficiency, as defined in Eq. (6) can exceed values up to
η = 0.75 for δ = 1 as shown in Fig. 3(c), and up to η = 1
for δ  1 ([12, Sec. 4.2]).
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FIG. 3. (a) The optimal value of x = Zc/Rg as a function of
the contrast, ρ, and the amount of energy balance δ. (b) The
optimal value the efficiency, η as a function of ρ and δ. (c)
Equivalent circuit model for 0.5 < δ < 1 and high generator-
load contrast ρ.
Conclusions and Discussion.—In this letter we have
discussed a paradigm for short-pulse impedance match-
ing in TL networks by switching the TL’s parameters
between two states. Generally, this matching system
may be passive or active depending on the two switching
states. The latter are determined by solving a nonlinear
constrained optimization for the matching efficiency. We
have demonstrated that the proposed approach can over-
come major challenges that exist in other matching tech-
niques, particularly for cases of high contrast between the
source and load impedances, and with high load disper-
sion, and moreover it enables minimal-distortion and effi-
cient wideband signal transmission. Our approach, there-
fore, opens possible venues to cope with today’s ever-
ending demand for high-speed ultra-wideband communi-
cation, for small antennas matching, it may be applied
to achieve wideband cloaking, and more. In addition, we
note that a byproduct of the suggested switching scheme
is the ability to obtain significant delay of signals along
5the line. Thus, an alternative design goal can be taken by
defining a different quality measure where the switched
TL is considered as a ‘controlled delay line’ to be used
in, e.g., true time delay pulsed systems [48, 49]. Lastly,
we note that the proposed paradigm is suitable only for
finite time-duration signals; using time-variant matching
for time-harmonic signals is yet an open question.
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